We investigate the electronic properties of N -layer black phosphorus by means of an analytical method based on a recently proposed tight-binding Hamiltonian involving 14 hopping parameters. The method provides simple and accurate general expressions for the Hamiltonian of N -layer phosphorene, which are suitable for the study of electronic transport and optical properties of such systems, and the results show the features that emerge as the number of layers increases. In addition, we show that the N -layer problem can be translated into N effective monolayer problems in the long wavelength approximation and, within this analytical picture, we obtain expressions for the energy gap and the effective masses for electrons and holes along the N -layer black phosphorus plane directions as function of the number of layers, as well as for the Landau levels as function of perpendicular magnetic field.
I. INTRODUCTION
The search for new materials with useful electronic properties has led to an increasing interest on the investigation of a class of layered solids that can be produced as single or few layers. These new two-dimensional (2D) materials, which were first brought to attention by the production of graphene in 2004, [1] [2] [3] have been shown to display properties that are not found in their bulk form.
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Among these substances, there has been considerable interest on the study of black phosphours (BP), an allotrope of phosphorus. [9] [10] [11] [12] [13] [14] [15] In contrast with graphene, BP is a semiconductor, and its high electronic mobility makes it a possible candidate for device applications. 9, 10, 16, 17 One important aspect of the electronic structure of BP is the dependence of the gap on the number of layers. Experiments have found a band gap in the range of 1.8 eV for single layer BP which is reduced to ≈ 0.4 eV for bulk samples. 10, 13, [18] [19] [20] [21] [22] [23] [24] Recently, a series of calculations have obtained the band structure of BP, both from a first principles approaches, 18, 20, [25] [26] [27] [28] k · p methods, 14, [29] [30] [31] [32] as well as tight-binding 25, 33 and continuum models 34, 35 . The results have shown that BP presents a large anisotropic effective mass and, in addition, that the gap itself can be modified by the application of an external bias. 23, 34 Most of these works have considered single or bilayer BP, due to the increasing computational demands as the number of layers is increased. In this work, we extend the previous proposed tight-binding 25, 33 and continuum 34 approaches to consider BP films with arbitrary numbers of layers. We show that a system of N coupled BP layers can be approximately mapped into a system of N uncoupled single layers. Expressions for the low-energy electron and hole bands, as well as their effective masses are derived. This in turn permits a straightforward calculation of the Landau level spectrum of the system, as will be also discussed here.
The paper is organized as follows. In Sec. II, we present the model Hamiltonian used to describe the charge carriers in single layer (II A) and bilayer BP (II B), as well as the analytical expressions for the electronic band strcutures, energy gap and effective masses. In Sec. II C, we generalize the discussion to the case of N-layer BP systems. The continuum approximation is developed in Sec. III and a brief investigation about the Landau level spectrum is explored in Sec. IV. Finally, in Sec. V we report the concluding remarks.
II. TIGHT-BINDING MODEL
A. Monolayer phosphorene Figure 1 illustrates the orthorhombic crystal structure of a N-layer BP system, emphasizing the in-plane orientation adopted in this work and the assumed stacking of the layers ( Fig. 1(a) ). The four inequivalent sublattices in the unit cell and the lattice parameter along the outof-plane direction are sketched in Fig. 1 (b) and 1(c), respectively. The phosphorus atoms at different sublayers are represented by different colors: sublattices A and B (C and D) at the bottom (top) sublayer are represented by blue (red) symbols.
The Hamiltonian proposed in Ref. [33] for monolayer phosphorene, within the ten-hopping parameter tightbinding approach, in momentum space is given by with the following definitions
where the structure factors are given in the Appendix 1, as well as a schematic view of the intralayer hopping parameters, lattice distances and bond angles is depicted in Figs. 7(a) and 7(b). The eigenstates of Hamiltonian (1)
T , where the functions φ A,B,C,D are the probability amplitudes for finding electrons on the atomic sites A, B, C and D. Following Ref. [34] , we can perform an unitary transformation to rewrite the monolayer Hamiltonian in a simpler block form. The new Hamiltonian and eigenstates are given by
where
By diagonalizing the Hamiltonian (4), one obtains the following energy bands
where s = ± denotes the valence (+) and conduction (−) bands. A more detailed analysis of Eq. (5) reveals that the bands associated to E + s (k) have lower energies than the bands associated with E − s (k). In Fig. 2(a) , we plot the low energy bands (E + s (k)) given by Eq. (5) with solid blue curve. Therefore, the energy gap for the monolayer BP is obtained by the eigenstates of H + k sub-Hamiltonian, namely E mono g = 2|t AB (0) + t AC (0)| ≈ 1.838 eV.
B. Bilayer phosphorene
For bilayer BP, we have to incorporate the coupling between adjacent layers, which are separated by a distance of ≈ 3.214Å and consider eight sublattices. A sketch of the four interlayer hopping parameters is shown in Fig. 7(c) in Appendix. The additional coupling terms were already computed in Ref. [34] in the context of the five-intralayer-hopping parameters tight-binding approach. The generalization to the ten-intralayer-hopping parameters tight-binding model is straightforward, since both approximations have the same definitions for the interlayer hoppings, differentiating only by the values of the hopping parameters. 25, 33 Therefore, according to Ref. [34] , we can write the Hamiltonian and eigenstates for bilayer BP as
T , where i = 1, 2 is the layer index. H is the Hamiltonian associated with each monolayer BP and H c contains the contribution of the couplings between atomic sites located in adjacent layers, which is given by
The interlayer structure factors in H 3 are defined in the Appendix 1. Similar to the case of the monolayer BP, we can perform an unitary transformation to rewrite the bilayer Hamiltonian (6) in simpler form, in order to avoid to deal with eight coupled equations. Assuming a bias perpendicular to the bilayer plane in such a way that the on-site energy for the atoms at the top (bottom) monolayer is ∆/2 (−∆/2) and applying the unitary transformation presented in Appendix 2, we arrive at the following Hamiltonian for bilayer BP as
where the Hamiltonian H (9) with θ + = 0 and θ − = −π/2. Therefore, diagonalizing Hamiltonian (8), we obtain the following expressions for the energy bands close to the Fermi level
corresponding to the conduction (E c ) and valence (E v ) bands, where the functions of the wavevector ± i , with i = 1, 2, are defined by
The plot of the energy bands given by Eqs. (10a) and (10b) is depicted by solid blue curve in Fig. 2 (b). The energy gap of the bilayer BP is given by E bi g = 2|t AB (0)+ t AC (0) − t AC (0)/2| ≈ 1.126 eV. Note that for the zero bias case (∆ = 0), the bilayer Hamiltonian (8) has the same form as the monolayer Hamiltonian (3), except for the modified diagonal matrix elements due to the presence of interlayer coupling term H 3 .
C. N-layer phosphorene
In this section, we generalize the previous discussions to the case of N -layer BP. The layers are stacked according to the configuration sketched in Fig. 1(a) , which is called AB stacking. 36, 37 The Hamiltonian for a N -layer system follows from a natural generalization of Hamiltonian (6), given by
which acts on the eigenstate
,
One can notice that the Hamiltonian (12) is a tridiagonal matrix formed by 4 × 4 blocks, since we only consider the coupling between the adjacent layers, otherwise offtridiagonal terms would be non-null. The main diagonal of H N is composed by monolayer type Hamiltonians, similar to Eq. (1), and the adjacent diagonals are populated by H c blocks that contain the interaction terms connecting sublattice sites between the adjacent layers, similar to the coupling matrix of the bilayer case given by Eq. (7) . This corresponds to the case of a N -layer BP system that is free of interactions with any external sources, as for instance external electric and magnetic fields, which can be easily incorporated in the following formalism through perturbation theory. The eigenvalue equation H N Ψ N = EΨ N is equivalent to a set of equations of the form
obeying the boundary condition Φ 0 = Φ N +1 = 0. i = 1, 2, ..., N is the layer index. Eq. (14) can be equivalently rewritten in the following pair of equations for each i
where the two sets of two-component spinors are defined
T . Therefore, we have separated the amplitudes for each sublayer of each monolayer i, i.e. ψ AB,i (ψ DC,i ) contains separately the amplitudes for the bottom (top) sublayer of the i-th monolayer. Before proceeding, it is necessary to comment on very important points related to the sublattice amplitudes and the energy levels of the N -layer BP system. As a means to it, we shall exemplify these features through the monolayer and bilayer BP cases.
As discussed previously in Sec. II A, the H
Hamiltonian is associated with low (high) energy bands around the Fermi level. We can interpret this feature by analyzing the eigenstates associated with each sub-Hamiltonian. The eigenstate Ψ
is given by the sum (difference) of the probability amplitudes of the equivalent sublattices for each component, i.e. Ψ ± k = ψ AB ± ψ DC . In other words, the lowest (highest) energy bands are associated with (anti-)bonds states between each sublayer. meaning ψ AB + ψ DC (ψ AB − ψ DC ). This is analogous to the case of the hydrogen molecule, where the bond state has lower energy than the anti-bond state. Thus, we use the nomenclature bond and anti-bond in the context of phosphorene as an analogy with the molecular orbital theory.
Similar feature is also observed for the bilayer BP case (see Eqs. (8) and (9)). The Hamiltonian that describes low (high) energy excitations,
, has eigenstates that are bond (anti-bond) states between each sublayer in the adjacent layer, as can be seen in Eq. (9) . However, for the bilayer BP case, one has an additional feature: their eigenstates have not only bonds and anti-bonds between the sublayers in each layer, but also they have bonds and anti-bonds between the adjacent layers. Here, the bond states between different layers [(ψ AB,1 + ψ DC,1 ) + (ψ AB,2 + ψ DC,2 )] exhibit lower energies than the antibond ones [(ψ AB,1 +ψ DC,1 )−(ψ AB,2 +ψ DC,2 )]. Therefore, (21) and (38) within tight-binding model (blue solid curves) and continuum approximation (red dashed curves), respectively.
regarding this analysis we can predict four low energy bands for bilayer BP, which is in accordance with the previous section and Fig. 2 
(b).
This argument can be generalized to the multilayer BP case. The lower energy bands around the energy gap are described by bonds of ψ AB,i and ψ DC,i for each layer i, i.e. ψ AB,i + ψ DC,i , whereas the higher energy band located away from the gap region are described by anti-bonds of ψ AB,i and ψ DC,i for each layer i, i.e. ψ AB,i − ψ DC,i . This relation between the energy bands and the bond states allows us to separate the high and low energy excitations in a very intuitive way. Rewriting Eqs. (15a) and (15b) in the basis of bonding and antibonding amplitudes, we arrive at
where the sign + (−) denotes the bonding (anti-bonding) states. At this point, we can define the bonding and antibonding orbitals for each layer as φ i = ψ AB,i +ψ DC,i and φ i = ψ AB,i − ψ DC,i , respectively.
In order to take into account just the multilayer BP properties at low energies, we shall reduce the problem in half, i.e. instead of diagonalizing a N ×N block Hamiltonian, we treat only an effective N/2×N/2 block Hamiltonian, since the low energy bands correspond to the bond states, one can consider only the half of Eqs. (16) with the + sign.
Due to the sublattice symmetry between atomic sites A/D and B/C in each monolayer BP, as a consequence of the D 2h group invariance of the BP lattice, 34, 38 we regard the following approximation with respect to the sublattice amplitudes: ψ AB,i ≈ ψ DC,i for i = 1, 2, ..., N , which corresponds to φ A,i ≈ φ D,i and φ B,i ≈ φ C,i . This is valid for the vast majority of cases of physical interest, since it is very difficult experimentally to induce bias just in one single-layer BP in set of N -layer and consequently breaking this sublattice symmetry. On the other hand, it is important to mention that this assumption does not exclude the possibility of applying a perpendicular electric field to the system, assuming that the field affects equally the on-site energy of all atoms in a same layer i by i . With this in mind, we arrive at the important relation
Thus, we can rewrite Eq. (16) within this approximation in terms of the bonding orbitals, resulting in the following set of equations for i = 1, 2, ..., N BP layers
obeying the boundary condition φ 0 = φ N +1 = 0. This boundary condition is satisfied by the following ansatz :
, where A is a two-component spinor and depends only on k x and k y . By taking this ansatz, one can easily check that the following identity holds true:
we have used the trigonometrical identity sin(a ± b) = sin(a) cos(b) ± sin(b) cos(a). A more rigorous way to obtain this identity can be found by the theory of the Toeplitz matrix. It is known that sin(jnπ/(N + 1)) is the j-th component of the eigenvector u of the matrix T , defined by
with eigenvalues λ n = 2 cos(nπ/(N + 1)). Thus, the eigenvalue equation T u = λu results in u j−1 + u j+1 = λ n u j , which is similar to the previous derived identity. By substituting the ansatz into Eq. (18), we obtain
where φ i = φ n i and n = 1, 2, ..., N . In summary, the assumed ansatz diagonalizes the full Hamiltonian for the systems of N coupled BP layers with the sublattice symmetry approximation within the tight-binding picture. Therefore, we have transformed the complicated problem of diagonalizing a N ×N tridiagonal hermitian block matrix, composed by 4 × 4 blocks, to N problems of order 2 for the low energy excitation case. There are N more 2 × 2 blocks corresponding to the highest energy excitations. The eigenvalues of the Hamiltonian (20) are easily found to be
In Fig. 2 we show the band structure (solid blue curves) for (a) monolayer, (b) bilayer, (c) trilayer and (d) tetralayer phosphorene obtained from Eq. (21) with N = 1, 2, 3 and 4, respectively. The agreement with the results found in the literature 25 is remarkable, showing that the simple sublattice symmetry approximation assumed here (Eq. (17)) is an excellent and appropriate approach to describe N -layer BP systems.
The energy gap with an explicit layer-dependence for N -layer BP system can also be easily computed from Eq. (21), resulting
where the states with n = N are the ones with lowest energies. By applying the identity cos(N π/(N + 1)) = − cos(π/(N + 1)) and recognizing that E mono g = 2|t AB (0) + t AC (0)| is the energy gap for the monolayer case, we can rewrite the above Eq. (22) as 33 based on the computational analysis of the tightbinding model (red dashed curve in Fig. 3) shows an excellent agreement with our analytical result and confirms that the sublattice symmetry approximation assumed here is very accurate and possibly exact within the tight-binding approach. It is worth to mention that, to the best of our knowledge, the energy gap dependence with the number of layers has never been analytically deduced as a natural consequence of a model that describes the electronic properties of N -layer BP system. Several approaches have been adopted to circumvent the very difficult calculations imposed by the ten-hopping tight-binding model in order to obtain one single expression for the gap-layer dependence, which is very important for describing optical transition. 24 Most of previous works 18, 20, [25] [26] [27] [28] 33, 39 just numerically fit the data points obtained by first-principles calculations. The usual analytical approach to deal with this problem is based on an approximated quasi-1D tight-binding model along the z-direction, where each phosphorene layer is associated with an atomic site of z-Hamiltonian and the interlayer coupling energy is linked to the hopping parameter of the 1D chain. 24, 31, 32, 40 The lack of information about the hopping parameter, i.e. "interlayer coupling", is overcome by fitting the ab-initio results or experimental data. Here, Eq. (23) was obtained from rigorous diagonalization of the Hamiltonian (12). In the limit of a large number of BP layers (N → ∞), i.e. within the bulk limit, the energy gap (23) 
Since cos(π/3) = − cos(2π/3) = 1/2, we arrive at
which is exactly the same Hamiltonian (Eq. (8)) found previously for low energy excitations and zero bias (∆ = 0). Keeping in mind that Eq. (8) is exact within the tightbinding model, it leads us to an additional indication that the sublattice symmetry approximation is exact for zero bias bilayer BP. For the trilayer BP (N = 3), we have
Since cos(π/4) = − cos(2π/4) = 1/ √ 2 and cos(2π/4) = 0, the effective Hamiltonian for low-energy excitations in trilayer BP becomes
(27) It is interesting to note that the effective Hamiltonian for the trilayer BP (27) is composed by one monolayer Hamiltonian and one "bilayer Hamiltonian", except for a factor of 1/ √ 2 instead of 1/2 in bilayer terms. This implies that trilayer and monolayer phoephorene share energy bands, as can also be seen in Figs. 2(a) and 2(c) . The same feature is also observed for the multilayer case whenever the number of layers is odd. A sub-Hamiltonian for the N -layer case, H n = H 0 +H 2 +cos(nπ/(N +1))H 3 , is a monolayer Hamiltonian only when cos(nπ/(N +1)) = 0 for some n [see Eq. (4)]. When the number of layers is odd, i.e. N = 2m + 1 with m = 1, 2, ..., we find that n = m + 1 generates a monolayer Hamiltonian. For instance in the trilayer BP case, we have m = 1, implying that the sub-Hamiltonian for n = 2 is a monolayer type. Therefore, we can always find one monolayer type subHamiltonian H n=m+1 . On the other hand, if the number of layers is even, i.e. N = 2m, the condition for a monolayer type Hamiltonian would be n = m + 1/2, but it is never satisfied, since m and n are both integers. In summary, the N-layer Hamiltonian is composed by N/2 bilayer Hamiltonians if N is even, and (N − 1)/2 bilayer and one monolayer Hamiltonians if N is odd.
Similar features hold true for high energy bands, but now the basis is constituted by anti-bonding orbitals for each monolayer BP, instead of bond states, as previously discussed. Hence, one has to assume a lattice antisymmetry approximation, instead of symmetric one, such as: ψ AB,i ≈ −ψ DC,i ≈φ i /2, whereφ i = ψ AB,i − ψ DC,i are the anti-bonding orbitals. Therefore, we can generalize our results by stating that the N -layer BP Hamiltonian for any energy range within the ten-hopping tightbinding model has a diagonal form in which each subHamiltonian is given by
where the sign + (−) corresponds to the low (high) energy bands and n = 1, 2, ..., N is the subband index. It gives a total of 2N matrix equations of order 2, which is equivalent to N equations of order 4 or one matrix equation of order 4N similar to the initial Hamiltonian (12).
III. CONTINUUM APPROXIMATION
Despite the significant simplification for N -layer BP Hamiltonian (12), given by Eq. (28), the structure factors for the ten-hopping parameters tight-binding model are still not tractable for analytical investigation of the electronic properties away from the Γ point. Thus, further simplification is desirable in order to make the resulting model more suitable for analytical calculations. Within the long-wavelength approximation, a simple analytical model can be derived by expanding the structure factors (see Appendix 1) up to second order in k. It has been recently shown within the five-hopping parameter approach 34, 35 that this continuum approximation is very suited for describing the physics of large BP systems, yielding very accurate results within its limit of validation. Moreover, its applicability is not restricted to monolayer case, but it can be extended to multilayer BP, being this way less computationally demanding than tight-binding model and first-principles calculations.
By expanding the structure factors, given in Appendix 1, around the Γ point up to second order in k, one obtains the following expressions
for the intralayer terms and
for the interlayer contributions. The coefficient values of the expanded structure factors (Eqs. (29a)-(30b)) for both five-hopping and ten-hopping models are summarized in Table I . By comparing both five-hopping 34, 35 and ten-hopping models, one can notice that the continuum approximated structure factors (Eqs. (29a)-(30b)) have the same form in both models, and consequently the BP Hamiltonians in both models are also similar within the long-wavelength approach. Thus, all the complicated contributions due to the long-range hoppings are translated to different values of the extended structure coefficients. Therefore, the electronic properties derived by the continuum approximation for both models are qualitatively equivalents. This is a very important issue, because relevant works on the theory of BP systems based on the fivehopping long-wavelength approximation have been already reported 34, 35 , and here we are showing that their results are still qualitatively valid.
A. Monolayer phosphorene
The long-wavelength Hamiltonian for the monolayer BP based on the ten-hopping description for low-energy contribution H + k is given by 
, and χ = χ AB + χ AC . By diagonalizing the Hamiltonian (31), one can obtain the dispersion relations for electrons and holes as
where the plus (minus) sign yields the conduction (valance) band. This leads to an energy gap of E g = 2δ ≈ 1.838 eV that is consistent with Ref. [33] .
B. Bilayer phosphorene
Analogously to the monolayer case, we can derive a long-wavelength Hamiltonian describing the lowest energy bands close to the Fermi level of bilayer BP as
, and χ ± = χ ± χ AC /2. One can clearly see that the low-energy Hamiltonian for bilayer BP (33) has exactly the same structure as the monolayer Hamiltonian (31) for the case of zero bias (∆ = 0) in the long-wavelength limit, differing only by the coefficient values of each matrix element. The low-energy bands obtained from Eq. (33) at the Γ point are given by Eqs. (10a) and (10b) with
For the zero bias case (∆ = 0), the energy levels are given by
with s = ±1, where the positive (negative) sign denotes the conduction (valence) bands. Eq. (35) has exactly the same structure as the energy bands of the monolayer case Eq. (32), as already expected.
C. N-layer phosphorene
As we can anticipate from the previous subsections, the Hamiltonian for the N -layer case in the continuum approximation should be composed of N blocks of monolayer type Hamiltonians with the corresponding modified coefficients. Therefore, we can write the low-energy Hamiltonians in the continuum approximation as
n y = γ y + λ n γ AC , and χ n = χ + λ n χ AC , where λ n = cos(nπ/(N + 1)). Thus, we have reduced the N -layer BP problem to an effective monolayer BP system with layer-dependent coefficients.
Assuming the limit N → ∞, i.e. at the bulk BP regime, we can write
where d ≈ 10.69Å is the lattice parameter along the z-direction for the AB-stacked case (see Fig. 1(c) ).
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Rewriting Eq. (37) as φ i ∝ sin(k z z), with z = jd and k z = nπ/d(N + 1), we can obtain the band structure in terms of k z and consider only terms up to second order within the long-wavelength approximation. It is important to point out that the long-wavelength approximation for the bulk case is only valid for small k z , which means nπ/(N +1) 1. However, the lowest energy bands occur for n = N , such that the inequality can not be satisfied. This issue can be easily figured out by using the cosine identity cos(N π/(N + 1)) = − cos(π/(N + 1)), and thus avoiding inconsistencies within the long-wavelength approximation. Taking that in account, we can write the low-energy bands as
From the spectrum Eq. (38) , one can estimate the effective masses of electrons (s = +1) and holes (s = −1) along the z direction as
The resulting effective masses are m [41] [42] [43] and also with theoretically predicted values reported in Refs. [43, 44] , where the discrepancies are possibly due to the slight differences in the out-ofplane lattice constant. Some theoretical papers 31,32 have adopted averages of experimental 41 and theoretical 44 values, assuming m e z = 0.2m 0 and m h z = 0.4m 0 for the electron and hole out-of-plane masses, respectively. We can observe from Eqs. (38) and (39) that the properties of BP in the z-direction are more similar to the properties along the x-direction than the y-direction, since there is no linear term in k z .
We can also investigate how the effective masses along the x and y directions change with the number of layers. According to Ref. [34] , one can estimate the effective masses for the n-th sub-Hamiltonian in the N -layer BP in a similar way as in monolayer case 34 , that reads (40) for integer values of the number of layers N .
IV. LANDAU LEVELS
In order to exemplify the physics of the analytical model developed here, we discuss the influence of an external and uniform magnetic field perpendicular to the BP sheets (B = Bẑ), obtaining the Landau levels for N -layer BP. By considering the Peierls substitution p → p − eA into the continuum Hamiltonian (36) and using the Landau gauge A = (−By, 0, 0), we can readily generalize the Landau level expression for the multilayer BP case by following the same straightforward procedure adopted in Ref. [34] , such as
with frequency defined as
where the general layer-dependent effective masses are given by Eq. (40) and the sign + (−) corresponds to the electron e (hole h) branches. Note that the spectrum obtained from Eq. (41) has a linear dependence on B, similarly to conventional 2D electron gas spectrum, i.e. the dispersion is typical of Schrödinger Fermions. In Fig. 5 Fig. 6 the electronic Landau energy branches for tetralayer BP obtained by using the linear dispersion Eq. (41) (blue solid curves) and the diagonalization of Hamiltonian (36) with a perpendicular magnetic field solved numerically (black dashed curves). Panel (a) shows a plot of the Landau levels as function of B and in panels (b) and (c) we depict the results for the Landau levels versus the Landau energy index n for B = 50 T and B = 100 T, respectively. As shown in Fig. 6(a) , the approximate linear relation describes very appropriately the Landau energies even at high magnetic field values. It can be observed a small deviation from the linear dependence on large field and high energy index n for each subband. This is due to interband cou- pling terms depending on χ that correspond to the offdiagonal matrix elements of Eq. (36). Figs. 6(b) and 6(c) confirms the good accordance between these results even for high Landau energy index n. One can also observe clearly from panels 6(b) and 6(c) that the Landau levels are equally spaced and have also a linear dependence on n. Therefore, the excellent agreement between those results demonstrates that the approximate linear relation for the Landau levels (41) are able to describe accurately the main features even at high magnetic regime and lowenergy indexes. The valid of the linear approximation for the electron and holes energy branches was also discussed in Refs. [29, 32, 34] . According to them, the Landau levels obey with a good agreement the linear dependence at low magnetic field values (up to 50 T).
V. CONCLUSIONS
In summary, we have studied the electronic properties of multilayer BP and analytically derived an effective model for this system with arbitrary number of BP layers, based on a recently proposed tight-binding approach utilizing ten intralayer and four interlayer hopping parameters. We have shown that a decomposition into N effective Hamiltonians of order 2 naturally emerges from the N coupled BP problem for the low energy bands, by mapping the complicated problem of N ×N tridiagonal hermitian 4 × 4 blocks to a system of N uncoupled single layer BP. By using the advantage of the sublattice symmetries between A/D and B/C atomic sites as a consequence of the D 2h group invariance of the BP lattice, we have separated the Hamiltonians that describe low and high energy bands, associating them with bond and anti-bond wavefunction amplitudes, respectively. We have verified that the low and high energy bands are described by the sum ψ AB,i + ψ DC,i and difference ψ AB,i − ψ DC,i of the probability amplitudes of the equivalent sublattices in each layer i. Using the decoupled tight-binding model for multilayer BP, we have expanded the structure factor around the Γ point up to second order of the matrix elements of BP Hamiltonian in order to achieve a long-wavelength approximation for the system. This has allowed us to obtain the dispersion relations for electrons and holes in the vicinity of the Fermi level, as well as general expressions for gap energy and effective masses with an explicit dependence on the number of BP layers. Our findings have shown that the effective continuum model displays good agreement with previous results of both first-principles calculations and tight-binding approximation reported in the literature by Rudenko et al. 25, 33 , reproducing well the band structures near the Fermi level. Moreover, in the limit of large number of BP layers (N → ∞, i.e. bulk BP), we found an energy band gap of ≈ 0.414 eV with our simple multilayer continuum model. This is consistent with the values obtained by previous first-principles calculations 28 (≈ 0.43 eV) and tight-binding model 25, 33 (≈ 0.40 eV). As an example of the application of the model, we have considered the case of a perpendicular magnetic field to multilayer BP and found general expression for the electron and holes Landau level spectra. Therefore, the analytical analysis developed in the present paper captures the essential physics of multilayer BP and is suitable for large-scale investigation, since it obtains accurate quantitative results and is less computationally demanding than numerical tight-binding model and first-principles calculations for large BP systems. 
